Asymptotic structure at timelike infinity: higher orders 
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Bearing tiie final fate of gravitational collapse in mind, we study the asymptotic structures at 
timelike infinity in four dimensions. Assuming that spacetimes are asymptotically stationary, we will 
examine the asymptotic structure of asymptotic stationary spacetimes in a systematic way. Then we 
see that the asymptotic stationarity strongly restricts the asymptotic structure at timelike infinity. 
We also observe that the resulted asymptotic form of the metric have the deviation from the Kerr 
black hole spacetime without assuming of the presence of some additional asymptotic symmetries. 
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I. INTRODUCTION 



' If gravitational collapse takes place and black holes are formed, we can expect that the energies and momenta of 
t : fields in the exterior region would be radiated away to infinities or fallen into black holes. As a consequence, one 
usually expects that spacetimes would be approaching to asymptotically vacuum, stationary state. By virtue of the 
uniqueness theorem of the Kerr spacetime in four dimensions [l| , we can regard the Kerr spacetime as this final state 
O ' and use the Kerr spacetime to analyze astrophysical phenomenon around the black hole candidates in the universe. 

However, since this uniqueness theorem requires the presence of a timelike Killing vector rigorously, we cannot say 
5^ ' anything about the late time phase of gravitational collapse, which is nearly but not completely stationary phase. The 
purpose of this paper is to study how dynamical space-time is approaching to the final state (supposed to be the Kerr 
spacetime) from the view point of asymptotic structures. Since we consider spacetimes at the late time phases, the 
1/t-expansion would be reliable. Hence, we will consider the asymptotic structure of space-times at timelike infinity. 
^ , Gen and one of the authors in the present article developed the way to investigate the asymptotic structure 
on at timelike infinity 0, Q • Therein the notion of asymptotic flatness at spatial infinity formulated by Ashtekar and 
OO Romano [3| was used. In Ref. [s^l, the first order structure at timelike infinity was studied and the notion of asymptotic 
' ' ' stationarity was introduced. Roughly speaking, asymptotic stationarity means that a spacetime is approximately 
; \ stationary near timelike infinity, but not completely stationary. Then one may expect that asymptotically stationary 
m . spacetime at timelike infinity describes the late time phase of dynamical spacetimes. In Ref. it was shown that 
' asymptotically stationary, vacuum and flat spacetime is uniquely asymptotically Schwarzschild spacetime, i.e., such 
, spacetime always has same flrst order structure as the Schwarzschild spacetime. The flrst order structure has the 
. . ' information of mass of the spacetime. By this theorem, as long as considering the first order in 1/t expansion, we 
^ \ can say that asymptotically stationary spacetimes is approaching to the Schwarzschild spacetime. Then it is natural 
to expect that the spacetimes will be the Kerr black hole spacetime in the next to the leading order. In this paper, 
therefore, we will explore the higher order structures at timelike infinity, that is, we will address if asymptotically 
. stationary spacetimes always approach to the Kerr spacetime. 

The rest of this paper is organized as follows. In Sec. II we will introduce the notion of timelike infinity, asymptotic 
stationarity and first order structure. In Sec. HI we systematically study the n-th order structure at timelike infinity 
focusing on the new degree of freedoms. In Sec. IV we discuss the second and third order structures in the details. 
Then we will compare these structure with those of the Kerr spacetime in Sec. V. Finally we will summarize our work 
and discuss future issues. In Appendix A we introduce the tensor harmonics on three dimensional hyperboloid. In 
Appendix B we give the brief derivation of the zero-th and first order structures. In Appendix C we give some useful 
formulae for the computation of the second and third order structures. In Appendix D we will describe the definition 
of the multipole moments which will be used in Sec. V. 



II. TIMELIKE INFINITY AND ASYMPTOTIC STATIONARITY 

In this section, following Ref. 0, |^ , we shall introduce the notion of timelike infinity, asymptotic stationarity and 
first order structure. In this paper we focus on only vacuum spacetimes. It is easy to extend our work to non- vacuum 
cases if we assume that the matter rapidly decays near timelike infinity. 
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A. Definition of timelike infinity 

We define timeUke infinity in asymptotically fiat spacetimes. If there is a function Q which satisfies following 
conditions, (i) Vp57 ^ and (ii) :— fi^^V^fi and q^i, := i^^{g^i, + "^V^fiVj^ri) admit the smooth limits at 

= with q^^ having signature (+ + +), we call this spacetime asymptotically flat at timelike infinity. Here = 
is the timelike infinity. 

Let us suppose that the metric can be expanded near timelike infinity i7 = as 

oo 
n=l 

By solving the vacuum Einstein equations -R^jy = near timelike infinity, we can show 0] 

F=l, (2) 
qabdx''dx^=hf^dx''dx' = dp^ + sinh^ p{de^ + sin^ edcj)"^), (3) 

where = denotes the evaluation on timelike infinity = 0. See Appendix B for the derivation. Here we denote 
— (p,9,(j)). Introducing the coordinate 77 defined by r/ = logfi, g'^^^dx^dx" becomes 

g^^^dx^'dx'' = e"^'' [-djf + dp^ + sinh^ p{dd^ + sin^ Odcf?)] . (4) 

g^S gives us the metric of the zero-th order structure at timelike infinity. In this coordinate timelike infinity is located 
at 7? = —00. By coordinate transformation t = r2~^coshp and r = sink p, it is shown that the zero-th order 
structure metric is the well-known Minkowski one, that is, 

gj^Jdx'^dx'' = -df + dr^ + [dO^ + sin^ Odcj?). (5) 

B. Asymptotic stationarity 

Obviously the stationary Killing vector at the zero-th order is given by 

o O CJ 

i'^^^ ^-—^n cosh p^ + n sinh p—. (6) 
at orj op 

Its dual vector is 

^(0)* = cosh pdri + sinh pdp. (7) 

Then one may introduce the asymptotic stationarity as follows. If spacetime {M.,g^^) has a vector field ^ which 
satisfies the following conditions 

^^i^.= - 1, (8) 

(£53)^, = 0(f7"), (9) 

the space-time is asymptotic stationary at order n and we call the vector field ^ asymptotic Killing vector at order n. 
Here we note that the order of VL is different from that in Ref. Q . This is due to different basis from that in Ref. [s!] . 
In Ref. 0, the conventional tetrad was used. On the other hand, we use the coordinate system of (77, p, 9, (f>). 

C. First order structure 

Now we can discuss the first order structure. See Appendix B for the details. In general g^^J can be expressed as 

= g-^v LF(i)dr;2 + 2l3i^Ur]dx'' + h';^^ dx" dx''] . (10) 
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Solving the vacuum Einstein equations i?^^ = and imposing the asymptotic stationary condition at the first order, 
we can obtain the solutions up to the first order as [sj 



-2rj 



2m — — —fl]dTj^ — 8m cosh pQdrjdp 



sinhp 



1 + 2m 



cosh2p^ 
sinh p 



n)dp^ + sinh^ p(d6l^ + sin^ 



(11) 



where m is a constant which would be proportional to the black hole mass. We emphasize that F^^^ is gauge invariant. 
Due to the presence of the asymptotic stationarity it is shown that it has only I = mode and then we had the result 
of Eq. (fTTj) . See Appendix B for the details. 

At the first order the asymptotic Killing vector is given by 



where 



— 2m coth pdr/ ~ 2md p. 



(12) 



(13) 



This first order structure has the same as that of the Schwarzschild spacetime with the mass m. Thus, asymptotically 
stationary spacetimes near the timelike infinity can be approximated by the Schwarzschild spacetime up to the first 
order. 



III. n-TH ORDER STRUCTURE AT TIMELIKE INFINITY 



In this section we further consider the n-th order structure at timelike infinity. Near timelike infinity, we expand 
the metric up to the 7i-th order as 

n 

g,, ^J2^^gl:l + 0{n-+'), (14) 

i=0 

where gj^l is the metric at the i-th order. In previous section the zero-th and first structures were briefly reviewed. 
From now on, we will examine the higher order structure recursively. 



A. The Einstein equation 

(n) 

First we will consider the Einstein equation for the metric of the n-th order structure gin, . In general we can write 
down the n-th order parts of the metric as 

gll'Jdx'^dx'' = e~2'?[_^(n)(2.a-)^^2 _ 2/3i''\x'')dr]dx'' + hl^\x'')dx''dx'']. (15) 

(n) 

can be decomposed into the trace and traceless parts as 

h':^ =^''''h^^+x'al (16) 

(n) 

Then, the Einstein equation for gi^J becomes 

(i:>2 - 3n)F(") + 3n(l - n)V'*"' + 2(n - l)i:i"/3(") = S^''\g'^^\ ■ ■ ■ ,5^"-^^], (17) 

(I?2 - 2)/3(") + 2I?„F(") + 2nZ?„V'"' - ni^'xi:^ = Sl^\g^^\ ■ ■ ■ , g^-~% (18) 
{D^ + i~{n~ l)2)xi^) + DaD.F^^^ + (4 - n)F(")/ii°) + DM^'-^ - {n - 4)(n - l)V'"^/ii? 

+ - 2^™/3(„")/.i",) + 2{n - 2)D^J-^ = S^\g^^- ■ ■ ^g^-~% (19) 

and 5^") are source terms written by the lower order quantities g'^^\ ■ ■ ■ ,g^" in non-linear form. We will 
not write down the expressions explicitly because they are not important in the analysis of this section. But, we will 
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do so for the second and third order structures in the next section. Da is the covariant derivative with respect to h^f^j 
and 1)2 = D°-Da. 

Since the equations are hnear with respect to g'll]) , we decompose g^""* into the homogeneous parts 5^"''''^°™ and the 

source parts g^jl)''^"^. The source part consists of only lower order quantities. On the other hand, the homogeneous 
parts have new degree of freedoms in which we are interested in the n-th order. In the following argument, therefore, 
we will focus on only the homogeneous terms. For the brevity we will skip the index "hom" for the homogeneous 
parts in the remaining part of this subsection. 

The metric of the n-th order structures, gjH) , has the gauge freedom generated by a;^ — )■ x'^ + A:^ with k^dx^ = 
Vt'^^^{Tdri + Ladx"^). Of course, the lower order structures also have the gauge freedoms which affects on the n-th 

order structures. However, these gauge transformations at lower orders act only on the source term (7^"'*'^°". Hence, 
we consider only the gauge freedoms at the pure n-th order. The metric is transformed by this gauge transformation 
as 

p(n) _^ pin) _ 2{n - 1)T , ^ + DaT + nLa (20) 

^(") ^ ^(") +2T + 2D^La , xif ^ xi;^ + 2i?(.ib) - h^°,^D"^L^. (21) 
Then we can take the "Poisson gauge" as 

Z^^/jt") = 0, (22) 

D'xi:^ = 0. (23) 

Note that we imposed the Poisson gauge on only homogeneous terms. There are still gauge freedoms generated by T 
and La satisfying 

D^T + nD^La = 0, (24) 

(Z?2 - 2)La - ^DaD"'Lrn = 0. (25) 

Then the Einstein equations for the homogeneous terms become 

(D^ - 3n)F(") -I- 3n(l - n)V'<"^ = 0, (26) 

{D^ - 2)^(") + 2Da{F^"'> + nV'^")) = 0, (27) 

(^' + 3 - (n - l)2)xi:^ + (DaD, + in- 4)/.!°^ <") + (DaD, - (n - 4)(n - 1)/^!°) + D'h'-^,^)^^"^ + 2D^aP^'^ = 0. 

(28) 

Adding the trace part of Eq. ([25)1 to Eq. (1^5]) , we can obtain 

i:»2(_p(«) ^ 0. (29) 

Taking T = i^^") -I- nip^^^ and La = 0, which keep the Poisson gauge, we can always set 

-I- mp^"^ = 0. (30) 

There are still the residual gauge generated by La satisfying (D^ — 2)La = 0. Since the equation for is 

{D^ - 2)/3(") = 0, (31) 

we can set /^i"'' = by this residual gauge. Then the remaining equations we should solve are 

{D^ - 3)F(") = 0, (32) 



(33) 



Let us consider the gauge transformation generated by T = i^^")/(2(n — 1)) and nLa = —L>aT which also keeps the 
Poisson gauge. Then, in this gauge, we can see 

pin) = pin) ^ Q (34) 
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holds. Note that the n = 1 case is exceptional because F^^^ is already gauge invariant. Thus we cannot eliminate 
in the n = 1 case. As stated in the previous section, the degree of freedom of the first order structure is included 
in i^(^) (See Appendix B for the details.). 

At the n-th orders(n > 1), F*^") is pure gauge modes. The degree of freedom at the 7i-th order are contained in 

xifc^ satisfying 

(I?2 + 3-(n-l)2)xi:^ = 0. (35) 

The solutions to the above can be written by the tensor harmonic on the hyperboloid, Qab'^"^ and ^^^''''"'(see Appendix 
A), as 

where (+)-modes have the even parity and (— )-modes have the odd parity. a\^^ and b^^^ are constant parameters 
which appear as the new degree of freedoms at the n-th order structure. In the next subsection, we will look at how 
asymptotic stationarity restricts the above new degree. 



B. Asymptotic stationarity 

Next, we consider the condition of asymptotic stationarity. We impose this condition on the n-th order structure. 
Asymptotically stationary condition for the n-th order structures is 

V,,e,+V,ep - 0(r!"), (37) 

where ^ is supposed to be an asymptotic stationary Killing vector and expanded as follows 

n 

= ^r!*-ie(*)+0(17"). (38) 

1=0 

In general we can decompose into two parts, ^^")'''°™ g^j^(^ ^(n),sou •y^rhich are associated with the homogeneous 
parts only of n-th order and others respectively. 
From the (77, r/)-components of Eq. (j37]) we first see 

d,{^l;^^n"-') - ("^r^;„4"^f^"-' - '^'^v^^.^^lr-'^n-^^ ("^r^;,^*")^^-' = o{n-), (39) 

where T'j^^ = {l/2)g°'^{df,gp^ + d^gp^ - dpg^,^) = (°)r^^ + (i)r^^ + (2)pa^ , , , ^j^^ ^dependences are included 
in each terms. If one focuses on ^(")'hom^ |-j^g above equation is simplified to 

^^^^(n),hom^n-l) " ri;^^(,") ^ = 0(17"). (40) 

After short computations, it gives us 

Using this the (ry, a)-components of Eq. (|37)) for becomes 

^^^^(„),hom^«-i^ - 2(")r;^;,''°'°4°)f]-i - 2(°)r^^^^")'''°'°i7"-i = o(i7"). (42) 

After short calculation, we see 

(n -f- l)ei"^'^°"' - ^;^&("),hom^(0),hom ^ ^^g^ 

and then 



^(n),hom _ ^,6(7t),hom^(0):hoin ^^^^^ 
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Then the (a, &)-components imply us the condition on X^J]^'^°™ &s 

2i?(axi^ - + l)^pxi:^^'°'" - {n + 2)(n - 1) cothpxi;^''°" = 0. (45) 

This is the asymptoticahy stationary condition on the n-th order structure. We will look at this precisely. The (p, p) 
and (p, yl)-coniponents of the above become 

o!f^l (^^P"-i'' +ncothpP"-i^'^ y'''"(0,0) = 0, (46) 

''K (^^^'""'■' +"cothpP"-i''^ VAY''"\0,(f>) = 0, (47) 

where Pyi is the derivative with — {9, (p) and F'^™ is the spherical harmonics on 5^. It is easy to see that the non- 
trivial solution is only permitted for the cases of / = n — 1. Then the solution is proportional to p"-i^"-i = 1/ sinh" p. 
It can be easily confirmed that I = n — 1 modes satisfies the {A, i?)-components of Eq. (l45t too. 

Therefore, the degree of freedom of stationary n-th order structure is only I = n — 1 modes. Remember that the 
asymptotic stationarity could induce the axisymmetricity at the first order. However, it could not guarantee the 
asymptotic axisymmetry at higher orders, that is, m modes exist. As seen later in Sec. V, m ^ modes imply 
the deviations from the Kerr black hole spacetime in the higher multipole moments. 

Here we focused on the homogeneous parts and then we could observe that the asymptotic Killing equation at 
n-th order affects the homogeneous parts of the n-th order structure of timelike infinity. However, one wonders if the 
(a, 6)-component of Eq. (I37p gives us the additional constraints on the homogeneous parts of the lower order structures 
than n—1. This issue will be occurred once one thinks of "source" parts of the asymptotic Killing equation. Although 
any additional constrains does not appear intuitively, this is non-trivial issue. In the next section, we will confirm 
that this property holds in concrete examples. Then we would expect that this is valid for all n-th orders. 

IV. SECOND AND THIRD ORDER STRUCTURES 

In this section we will look at the second and third order structures in the details. We will also consider the 
contributions from the source terms explicitly which were not addressed in the previous section. 

A. Second order structure 

At the second order, the Einstein equations are 

sinh p 

smh p 

= mm^'-^hi^X\ (50) 
smh p ^ 

The right-hand sides come from the source parts composed of the lower order quantities. Now we decompose the 
aboves into the homogeneous and source parts. The non-trivial solutions of the source parts become 

= -Am^cothp, (52) 
^(^2), sou ^ 4rn^ coth^p, (53) 

and the other components of g^j^'*'^"" vanish. The homogeneous solutions is 

(2),hom _ (2)^+4im , L(2)(^-,lim 
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where the summation is taken over Z G Z, Z > 1 and |m| < /. The other homogeneous terms can be vanished by the 
appropriate gauge choices as shown in Sec. III. 

Next we consider the asymptotic stationarity at the second order. Spacetimes are asymptotically stationary at the 
second order when there is the asymptotic Killing vector satisfying 

V^C-^ + V^Cm = 0(^(2). (55) 

^ can be expanded near timelike infinity as 

= (56) 

Since Eq. (|55p is linear with respect to C*-^-*, we can decompose into the homogeneous and source parts. 
The homogeneous part, ^(2),hom^ written as 

^(2),hom ^ (57) 

= IxT""^^^"^'- (58) 

As seen in the previous section, the (a, &)-components of Eq. (|55p show that xib'' '^"™ can have only / = 1 modes and 
its explicit form of xib'' '^"™ is given by 

/ A<^' 1 cothp ^ .12) 1 , Bt, r(2)\ 

(2),hom ^ / -^^t^VaA'^ - ^r^e^ Vb^!^ \ . 

2 smn- p ^ Sinn- p ^ 



CAB 



where 



vl^^-* = fla; sin cos (f> + ay sin sin 4> + cos 61, (60) 
B*-^' = 6^ sin 6* cos 4> + by sin 6 sin (/) + 6z cos 6*. (61) 

aAB and e^s are the metric of the unit sphere and the antisymmetric tensor with respect to aAB ■ 
Let us consider the source term ^(2)'Sou .^^i^jc]^ |-,g determined by the (77, /i)-component in Eq. ([55l) 



where '•^•'F^jj'"" is the part which contains only the source parts. After short calculation we can see 

(2)pa^.ou^(0)^-l^ra)^(l) (63) 

See some useful formulae in Appendix C for concrete calculations. Then Eq. (|62p implies 

^(^2), sou ^ Q (g4) 

Then we can see that 

(2)r^«.ou^(o)j^-i + rWeW=o. (65) 

holds and then the (a, 6)-component of Eq. (15^ becomes to be trivial. Thus there are no additional constraints on 
the metric. 

To be summarized, the second order structure which is asymptotically stationary at the second order is 

= -W, (66) 
/3p = cothp, (67) 



/,(2) _ I f ' sinh^p 2sinh^p''^'* sinh^ p "A - jj — l /r.o\ 

and it has the asymptotic Killing vector 

^^^n-^coshp + 2mcothp + 0{n'^), (69) 

^ n-^e^ + + n^-xT""'^^'^' + om. (70) 



4m2 coth^ p + -4^ _i42thp 2)^^(2) _ i^.Bjj^i 

^ snih* p 2 snih'^ p ^ smh'^ P ^ 
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B. Third order structure 



Next we shall consider the third order structures in the details. For the convenience it is better to perform the 
gauge transformation x^^ ^ x'^ + flk^'^^'^ as 

6 sinh^ p ' ^ 

(2) ^ 1 COthp .72) 

> 6sinhV ' ^^^> 

fcf = ^oth^ P^^^^'^ - r^^BB^'^. (73) 

They make the computation simple at the third order. Indeed, as seen later, the asymptotic Killing vector is written 
as ^ = —dt up to the second order in this gauge. After this gauge transformation the metric at the second order are 
changed to 

Fi^) = _4rn' - \ , = -4m^ coth p , /^^f ^ = - ^V^A^'^ - ^e/D^S^^) (74) 

o smh p 06 

hf) = 4m'coth'p-\^,h^Z = icothpP^A(^) + |./P^B(2),/zi^) = ^A^'^aAB- (75) 
o smh p o 6 D 

The Einstein equations at the third order in this gauge are 

(D2 - 9)^(3) _ 18^(3) ^ 4^a^(3) ^ _ 8(l-sinh^p) ^^(2)^ (7g) 
{D^ - 2)/3(3) _ 2D'^x^^^ + 2DaF('^ + 60^^/'^ = Si'\ (77) 

(78) 



where S^^ and are 

S^;^ = -\^mAi^\ (79) 
o smh p 

5(f) = (80) 
smh p 

82 + sn^^^(,,^ (81) 
o smh p 

S^;2 = -2m^V.Ai^\ (82) 
^ smh p 

(3) 8m^ 

As in the second order, we decompose the metric to the homogeneous and source parts. The solutions to the source 
parts are given by 



F(3),sou^2mA(^_^^ (84) 
3sinh^p sinhp' 



^ smhp 



o smh p smh p 



,(3),sou 4 mv4(^) 
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and the homogeneous terms are 



(3), horn _ 
Aaf) 



(3)^+,2/m 



,2lm 



where the summation is taken over Z € Z, Z > 2 and |m| < I. Taking the appropriate gauge as shown in Sec. Ill, we 
can ehminate the homogeneous parts of the other components of the metric at the third order. 

Next we impose the asymptotic stationarity on the third order structure. The asymptotic Kilhng vector we supposed 
satisfies 



^ can be expanded near timehke infinity as 



Since we performed gauge transformation for the second order structure, ^^^^ is also changed to 



K2) 



t(2) 



A2) 



1 coth p 



3 sinh p 

1 



3 sinh p ' 



sinh p 



(89) 
(90) 

(91) 
(92) 
(93) 



It is easy to check that the asymptotic KiUing vector is simply written by ^ = —dt up to the second orders. As in 
the second order structure, we decompose ^^^^ into the homogeneous and source parts. For the homogeneous part the 
{rj, /x)-components in Eq. (|89|) implies 



(3) ,hom 



0, 
3 

I' 



f(3),hom _ £ (3),hom,(0)b 
?a A Xab ? ' 



and for the source part. 



(3),i 



2 mA^^) cothp 
3 



sinh p 



<;(3),sou _ 1_ 



2 mA(2) 



>(3),sou 



3 sinh^ p ' 
0. 



(94) 
(95) 

(96) 

(97) 
(98) 



As seen in the previous section, the (a, 6)-components in Eq. (j89p shows that the homogeneous term, 

^(3),hom 

have 

only / — 2 modes. For the source terms we can confirm that there are no restrictions, that is, the (a, b)-components for 
the source part ^(3), sou i^j-jvially holds. This property was assumed to be hold for the general cases on the homogeneous 
parts in Sec. III. See Appendix C for useful formulae to show this. 

To be summarized, the solutions for the third order structure which is asymptotically stationary at the third order 

is 

2 TO^(2) 



(3) 



where X'ab '^"™ only 



(3),hom 
Aofc 



F 



^(3), sou 



"-ab — 



— 2 modes 



8m'^ 

3 sinh^ p sinh p 
3 coth p 



= -8m'^ 

3 sinh"^ p 



sinh p 

Sinn p 





9 sinh p 



CTAB , 



(3) , horn 
Xab ' 



(99) 
(100) 

(101) 



_1 ™thpp^(3) 
3 sinh'^ p ^ 

_ 1 «rthp p^(3) _ l cosh2p-2 ^(3) ^ IS2^VaVbA( 

i 3 smh-^ p ^ smh"* p 4 sinh'' p 12 smh"* p ^ ^ 



sinh"" p 



sinh"^ p 



icothp p^(3) 

2 smh p [A -D; ^ 



Km 
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and 

= axx sin^ Q cos 2^ + a^y sin^ sin + a^z sin ^ cos cos + sin Q cos ^ sin + (3 cos^ ^ — 1) , (103) 
B^^^ = bxx sin^ cos 2(f) + bxy sin^ ^ sin 2(j) + hxz sin 6 cos ^ cos ^ + hyz sin ^ cos 6sm(j) + 622(8 cos^ ^ — 1). (104) 

V. COMPARISON TO THE KERR SPACETIMES 

In this section, we will compute the multipole moments of the spacetimes discussed in previous section. Then we 

see that the physical meaning of the parameters contained in the second and third order structures wiU be clear. We 
also compare them with those of the Kerr spacetimes. See appendix D for the definition of the multipole moments. 

A. Multipole moments up to third order 

We will compute the multipole moments of the spacetimes obtained in previous section. To make the calculations 
simple, we first perform the gauge transformation — > a;^ + with 

k^, = nkf^ (105) 

where 



(3) 1 COShp 

" SsinhV ' ^ ' 



^4 smh p 4 smh p 

In this gauge, as stated later again, the asymptotic Killing vector becomes to be —dt up to the third orders. Then 
metric function of the third order structure are transformed to 



3 sinh p 2 sinh p 



smh p 

12?^^^^^ 3cothp n . ^ 

o^^^ -a^^^aT^bB(^\ 111 

8 smh p 4 smh p ^ ^ ' 

im^ 2 myl(^' 1 

sinh^ p 3 sinh^ p 2 sinh^ p ' 



3(3) 



(3) _ 4m" -z mA^"' 1 AV"^ 

„;„i,3 „ ^ Q „• u3 „ 0„;„l,3-' V^^^'' 



^^'^ = - 9^J + 12 sinhp • 

Since we performed the third order gauge transformations, the first and second order structures do not change. Next 
we perform the coordinate transformation introduced by 

t = 0-icoshp (115) 
r = 0-^sinhp. (116) 
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The transformed metric can be written as 

2m 



gtt 



gtA 



grA 



gAB 



-1 



^ + — ) 



1 



2m 



— I Am' 



6r ^ 8r^ 



6 



^(3) 



1 r 



9 



12 



and = 0. Here O(il^) means 0(l/t'*). In this coordinate, note that the timehke Kihing vector is ^ = 
Kerr spacetime. We can obtain A — —gtt and the twist function lo as (See Eq. (ID3p for the definition) 



3r2 



2r3 



(117) 
(118) 

(119) 
(120) 
(121) 
-d/dt as the 

(122) 



We choose Vl = l/r^, which satisfies the conditions of Eq. 
coordinate R defined by i? = 1 /r, the metric ~ ^gfiu + 



(jPSp in the definition of spatial infinity. Introducing the 

S.fiS.i' can be computed as 



l-RR 



1 



flRA — 



hAl 



3 
6 



^A(2) i?^ 
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hO(l/t^), 
7?^ + (9(1^5), 



(123) 
(124) 
(125) 



Now we can compute the multipole moments defined in Appendix D. There are two types, that is, mass and spin 
multipole moments. The results are as follows. The monopole moments are 

P^'^^ ~ TO, (126) 

P"'=0, (127) 



where = denotes the evaluation at r 



oo. The dipole moments are 
1 



P; 



6 



:a(2) 



m 



(128) 
(129) 



In the mass dipole moment, the second terms comes from the I — mode of scalar harmonics on sphere while the first 
terms does from the I = 1 mode. The spin dipole moment has only the contribution from the I — 1 mode of scalar 
harmonics. The quadrapole moments are 



pM 
^RR — 



1 



A(3) 



^A(2) - 2m3, 



^RRr 



(130) 



(131) 



2 2 

The first term in the both comes from I = 2 modes. Other terms are contribution from the ^ = or ^ = 1 modes. 

From the above results, we observe that the second and third order structures have the information of the dipole and 
quadrapole moments of spacetimes. In particular, the even parity modes A^2) ^ correspond to the mass multipole 
moments and the odd parity modes _B(2)^ ^(3) correspond to the spin multipole moments. We would guess that this 
property might be valid at n-th order and this implies that stationary space-time can be determined completely by 
the mass and spin multipole moments. 

In the Kerr spacetime, non-trivial multipole moments are only mass monopole and to = mode of spin dipole 
moment. Other multipole moments, e.g., mass quadrupole moments, Qzz in 

A(3) 

, can be written by mass monopole 

and spin dipole moments as Uzz = Ma?' where M is the mass of the Kerr black hole and a is the Kerr parameter. 
However, the spacetime we obtained has not only nontrivial mass quadrupole moments, that is, a^^ is a free parameter. 



but also / 7^ modes of multipole moments, e.g., a^xi o,xi 
stationary spacetimes can deviate from the Kerr spacetime. 



and ayz in yl^3) ^ This means that asymptotically 
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VI. SUMMARY AND DISCUSSION 



In this paper we study higher order asymptotic structure at timehke infinity. There are two tensor modes as degree 
of freedom, that is, even and odd modes. They correspond to the degree of freedom of gravity in four dimensions. 
Imposing asymptotic stationarity at n-th order, we could show that only I = n — 1 mode can be allowed. As shown 
in Sec. IV, in the case of second and third order structures, the even modes correspond to the mass multipole 
moments and the odd mode corresponds to the spin multipole moments. This property would hold in n-th order 
too. At first order, the degree of freedoms are contained only in the scalar mode which corresponds to the mass 
and the asymptotic axisymmetry is realized. On the other hand, at higher orders, we cannot currently guarantee 
the asymptotic axisymmetry only by imposing the asymptotically stationary condition. Hence, the late time phases 
of dynamical spacetimes will deviate from the Kerr spacetime in our approach. However these deviations contain 
unphysical and singular modes such as outgoing mode at horizon because we did not impose the boundary condition 
at event horizon. Thus, another boundary condition near the horizon might be needed to extract physical degree of 
freedom. As a first step, it might be better to analyze the asymptotic structures near horizons. If one focuses on the 
event horizon, we can show that the expansion and shear of the outgoing null geodesies congruence approaches to 
zero as the time goes by [ll|. If the ergoregion exists, this implies the another asymptotic isometry which could be 
decomposed into the asymptotic stationary and rotational isometries in the similar way with the rigidity theorem for 
stationary spacetimes [12]. So we can expect the presence of asymptotic rotational symmetry near the event horizon 
and then m 7^ modes will be killed. Although we do not have the proof for the moment, this asymptotic rotational 
symmetry would present in outside of the horizon too( "asymptotic rigidity"). However, as seen in the previous section, 
this additional symmetry is not enough to show the asymptotic uniqueness. For this, some informations about event 
horizon topology may be important. These will be our future work. 

As an application of our work to higher dimensions, one may be able to construct the asymptotic form of stationary 
black objects in higher dimensions. For example, in five dimensions we have only black object solutions which have 
two rotational Killing vector. However it is conjectured that there are solutions which have only one rotational Killing 
vector |9|. Then it may be possible to obtain the asymptotic form of such spacetime by using our method. The 
asymptotic form may give us a new implication into the study on the founding of the exact solutions. It may be useful 
to classify the higher dimensional spacetimes. In five dimensions, the mass and spin multipole moments have been 
proposed To']. But, it was turned out that these quantities are not enough to classify the spacetimes. The asymptotic 
form of stationary spacetimes in higher dimensions provides us the chance to look for the good parameters. 
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Appendix A: Tensor harmonics on hyperboloid 

We introduce the tensor harmonics G^ij^^"^ on three dimensional hyperboloid. See Ref. Q for examples. The tensor 
harmonics satisfies 

(i^2+3_(p_l)2)t;±,P'™ = 0, (Al) 

where — D'^Da and Da is the covariant derivative on the hyperboloid. The metric on the hyperboloid is 

ds^ = dp^ + sinh^ p{de^ + sin^ Odcj)^) 

~ dp^ + sinh^ pa Asdx^dx^ , {A2) 
where aAB is the metric of the two-dimensional sphere. 



Now Qtrf^^ can be written as 



ypp — '1 ^ ' — '2 ^ 

-, + ,plm n-plT) T) vl 



Qab = TrVAVBY'"^ (A3) 

pA 



ri—,plrn r\ /-i— ,pl'm ■j-pl^jlm ,plrn n^pl^jlm f A A\ 

Vpp — U ' t^M ~ '5 J^A ^ yAB ^'6 J^ABi {^^) 
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where Y' 



imfa^ 0) are spherical harmonics on and 

yA = e\VBY'"' , yAB = e%VA)VcY' 



(A5) 



where Da is the covariant derivative and eab is the antisymmetric tensor on with eg^ — siiiO, The p-dependent 
parts of tensor harmonics are 



1 



p"-'(p) 



sinh p 
^(5. + cothp)P" 

2 sinh'^ p 
(/- 1)^(1 + !)(/ + 2) 



coth 



2 sinh p 



sinh p 



T 

'6 



(/~l)(/ + 2) 

pn,l 

sinh^ p 
-!)(' + 2) 



coth pdp 



+ 1 



sinh p 



P 



n.l 



(9p + 2cothp)P" 



P"'' is the function defined as 



pn,l _ 



where is the first kind associated Legendre function of and P"^' satisfies 



^2pn,i_^ 2 coth p^pP"'' 



sinh p 



0. 



P" 



(A6) 

(A7) 

(A8) 

(A9) 
(AlO) 
(All) 

(A12) 
(A13) 



Appendix B: Zero-th and first order structures 

Here we discuss the zero-th and first order structure. See Ref. 0, Q for the details. 



We can write the metric as 



1. Zero-th order structure 



(Bl) 



where = f2 ^/^VpfJ is the normal vector of 51 = const, hypersurface and q^n = ^q^i, is the metric on its 
hypersurface. = is the timelikc infinity. The extrinsic curvature ifp^ of = const, hypersurface is expressed as 



n-^F^/\^, + ip-i/2/:„gp„ 



(B2) 



where n^^ — Q ^P^/^n^ — —{dVlY. We define K^^, — VlK^y. Now the Einstein equations G^^n^q^i, = can be 
written as 



b,k; - b^k = n-\D,K; - d^k) = o, 



(B3) 



where D and D are the covariant derivatives with respect to (j^j, and q^i^, respectively. From Eqs. (jB2[) and (jB3|) we 
see that F = const, at timelike infinity. Using the freedom such as J7 — > afl where a is a constant, we can always take 
P=l. Then 

V — 9/^1/ s-t timelike infinity. 
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Next, from the Einstein equation R^^q^^q'^^ = 0, we can see that 9^,^ satisfies the foUowing equation 

+ KK^, + F^/^K^, ~ '2K^pKP^ + QF-^/^CnK^, + F'^^^ D^D.F^/^ = 0, (B4) 

where '-^''R^i, is the Ricci tensor of q^,^. At timehke infinity, this equation becomes ^'^^ Rf^u^ — "^q^iu- Thus q^v should 
be the metric of the unit-hyperboloid at timehke infinity 

qf.^dx^'dx" = dp^ + sinh^ p{de^ + sin^ Odcj}^). (B5) 

To be summarized, from Einstein equation we obtained the zero-th order structure such as 

g^^dxt'dx" ^ [-n-^ dfl^ + dp^ + smh^ pide^ +sm^ dd(f)^)] 

= e-'^'i[-d7^^ + h'~^^dx''dx% (B6) 

where U, — e'' and x"" — (p, 6, 0). The timehke infinity is located at 77 = —00. 

2. First order structure 

We solve the Einstein equation for the first order structure 

= e-2'7[_F(i)d772 + 2/3(i)dx'^d77 + h':^^^ dx'' dx% (B7) 

where h']^ — ''P^^'^hfb +xif,''- As shown in Sec. Ill, taking the Poisson gauge {/si^^ — 0,ip^^'^ — —F^^''), the Einstein 
equations become ^ 

(d2-3)F(i) - 0, (i?2 + 3)xi',' = (B8) 

As seen in Sec. Ill, we can always take i^*^"^ = by residual gauge for n > 1. But, we cannot do it at first order 
because F^^^ is gauge invariant quantity. Instead, we can eliminate the even parity mode Xab^^"^ residual gauges. 
Then, the solutions to Eq. (jB8|) are 

l.ni 

xil^=E^.™^"'"'"- (BIO) 

l.m 

Next we impose the asymptotic stationary condition. This condition is 

V^^ + V.Cm = 0(1]), (Bll) 

where = fi"^^^"-* + is an asymptotic Killing vector. From the (77, p) components of Eq. ()B11|) . we can see 

^(1) = -i(coshpF(i' -sinhpLipF^i)) (B12) 

= -i(sinhpi?,Z?,F(i) + 2 cosh pi^.i^d) + ^(Dei") - ^xHk^"^')- (B13) 

Then the (a, 6)-components of Eq. (IBlip gives us 



tanh p 



This equation is satisfied if and only if x^ab ~ ^ and F^^^ has only I = mode. From the fact P^^ = cosh2p/sinhp, 
the asymptotically stationary first order structure is 

+ ^9\^:!)dx^'dx'' = 6-2" r - (1 - 2m^-^^^n)d7f + (1 + 2m''-^^^n)h^;'^ dx'^ dx"] , (B15) 
L smh p smh p J 



^ Since there are no source term at first order structure, we should solve the homogeneous part only. 
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where we define ago = —2m. Finally we perform tlie gauge transformation x'^ ^ + as 

kr, = 2m(2p cosh p + sinh p) , fcp = 2m(2psinhp — coshp), (B16) 
and other components are zero. Then, the metric is transformed to 



{9^°J + ngl'J)dxW = e-^" 



cosh. 2 p 

(— 1 + 2m—— — Q)dr]^ — 8m cosh pQdridp 
smhp 



+ (1 + 2m^^^ft)dp^ + sinh^ ^ ^.^2 ^^^2) 

smhp 



There is an asymptotic KiUing vector up to the first order as 
where 

= 2m coth pdr] — 2mdp. 



(B17) 

(B18) 
(B19) 



Appendix C: Some useful formulae for second and third order structures 

1. for second order 

The metric and its dual are expanded as 

ds' = + ng^^J + Q'gl^J]dxV 

and 

gf^'^d^d, = [5(0)'^'' + g^^'>^''n + 5(2)^^-02 ^ . . . J g^Q^ 

In each orders, 

gl^Jdx^dx" = e-^" [-dri^ + dp"^ +sm}i^ pa ABdx'^dx^ 



g^^Ux'^dx" = e-^" 



„ cosh 2/9 , o „ , , 7 ^ cosh2p , , 
2m^— — 0,7] — 8m cosh paridp + 2m—— — dp 
smh p smh p 



(CI) 

(C2) 

(C3) 
(C4) 



and 



g^^J'^^^'dx^'dx" = e 



■2n 



4m^^dr]^ — 8m^ coth pdrjdp + 4m^ coth^ dp^ 



gW/^-a^a, = e''^[-d^ + dl + {smh^p)-'a^''dAdB] 



2r, 



2^cosh2/j^2 _ ^uiQQgj^pQ g _ 2m """V df, 



sinhp 



cosh 2p 
sinhp 



2r) 



- coth^ - 8m^ coth p^^^p - 'im^dl 



The affine connection F^^ is expanded as 



pa _ (0)pa I (l)pa , (2)pa , , 



(C5) 
(C6) 
(C7) 

(C8) 
(C9) 



and the each components become 



(i)r'? - _ 3cosh2p-4sinhV (2)^.,ou _ o^2 3 + 4sinh"p 
sinhp ' - sinhV ' 



(i)rp - _ cosh p cosh 2p (2)^p,sou _ o.^2 coshp(l + 4sinh^ p) 
~ smhV ' " smhV 

(i)r^^ = 2mcoshpa^B, (')r^r = 0. 

Here note that we focused on the "source" parts in the second order quantities. 

2. for third order 

The metric and its dual are expanded up to the third order as 

and 

ds"^ = [g(o)'"^ + ng^^^f" + n^g^^^f" + fl^ g^^^f"']d^,d^ 

where gj^^J , g^°')^"', gl^J and g^^')^"' are given in Eqs. (IC3]) . (ICill. (IC6]) and (ICT]) . 

Taking account of the gauge transformations given in the text, g'j^J, gj!^J'^°" and g^'^^f^'^ and (;(3)/ii',sou 



g^^Jdx^dx"- = 6-2" 



^2 

3 sinh^ p 



4"^^ + „ . , 2 1 ^ Sm"^ coth pdrjdp 



1 / A^^) \ 

-(Pa^^^^ +4cothpeAi32?'^-B(2))da;'^dr7 + 477i2 coth V : — — '^P^ 

3 V 3 sinh p J 

+ i(cothp2?^A(2) + ieABV^B<-^y)dx^dp + ^A^'^'^ aAsdx^dx^ 

O 



/ 8m^ 2mA(2) \ .cothp , , 

^— :t— di] — 16?7i — d-qdp 

\ smh p 3 sinh p / smh p 

„ , coth^ p 2toA(2) \ 4mA(2) , 4 , « 

8m'' — ^ H =— dp-^ 5 — (jABdx^dx" 

smh p 3 sinh p / 9 smh p 
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and 



4to^ coth^ p - 



3 sinh^ p 



— 8m^ coth pdr,dp 



inh p V J \ 



3sinh 

3 smh p y / smh o 



Bsinh p 



5 ^(2) 



sinhp 
2m 



sinh p 

„ 9 ,2 2A(-2) 2 cosh2p — l\ 16to,„ n ,/9-,,cothp„ „ 



(C20) 



sinh p 



sinhp 

2^(2 



3 sinh"* p V / smh p V 3 V 



sinh py 



+ 



2m 



3 sinh p 



^ / y smh p 



Then afRne connections F can be computed up to the third order (only source parts for third orders) 

12 



nn 



TP 



. 1 _ ^ (6m2 (2 cosh 2p + 1) + A^^^ ) 

smhp Bsinh^p 

mil^ 

-(6m2(l + 3cosh2p)) +^(2)(5cosh2p- 1), 



3 sinh p 
coth 2p(cosh 2p — 2) 2 coth p 



sinhp 



sinh p 



2m2(l - 2cosh2p) + 



A(2) 



2mO^ coth 
3 sinh p 



^ (^18m2 + (^5 + 



sinh p 



= _n2^^thp / ^^^^(2)^^^^Sp^^(2A 

' ' 6 sinh n y ' 



6 sinh p 



+ 



mf7'^ / 1 



^ coth p cosh 2p cothp 
Om — 



sinhp 



sinh p 



6 sinh^ p V sinh^ p 
2m2(2coth2p- 1) + 



P^A(2)-8cothpe^^pBS(': 



^(2) 



^, coth p 
smhp 



4m^ 3 + 



sinh p 



+ H^(2) 

3 



-l + Qm— 



cosh2p 



sinhp sinh p 



2m2(2cosh2p- 1) 



+ 



2mrj3 
3 sinh p 



3m2i±^:B^ + 5A(2)coth2p') 
sinh p / 



f22 



6 sinh p 



C0thpP^A(2) + ^^^e^^PBS 



(2) 



sinh p 



2mfi3 
3 sinh^ p 



cosh2pe^^PBS 



?(2) 



r'' _ 



f]^ /cosh2p-3 



D^^(2) + 8 coth pcabV^B^^^ 
sinh p 

m03 



sinhp 



(C21) 



(C22) 

(C23) 

(C24) 

(C25) 

(C26) 
(C27) 



(vaA^^^ - ^ coth peAB^B^^^^ , (C28) 
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D \ \ smn p 



sinh p \ ^ 3 



2 ,2 1 + 5cosh2p 

, ^-..1 coth pH 5 — 

smhp \ 3 sinh p 



^ coth p cosh 2p cothp 9,, „ , „ n ^^^^ 

= -17m - + ^ (1-2 cosh 2p ' 

smhp shVp ^ ' 



cothp / 2, , , 



mr?-^ ^ 2m^(3 cosh 2p - 1) + — -(1 + 5 cosh 2p) , (C32) 

sinh p 



= ^ fp-4^(2)+4cothpe-4^I?Bi?('^ 



6 sinh p 



^r, / , ^ .^91 2cosh2p + 4 „R ,21 

Ha = -— COthpP^.l(2)^ H g^^pi35(2) 

D \ snih p 



mfi'' cothp 
3 sinh p 



(C29) 



r;^B - + -i^ (^A(^)<5^^ + Iv^Bi^h^^ - ^^/''S^^ (C30) 

2 + cosh2p^ 2,, , o„„.u2„^ , ^^'^ 



= -l-f^m— ^p- r2M 2m^(l + 3coth p) , ^ 

'''' smh V 3 sinh V, 

12to2 coth^ p + ^ ^ ' 1 (C31) 



"""3 ( — l^P^ + 8 coth pe^^VsB^A , (C33) 
6 sinh p V sinh p / 



(scothppA^^^^ - SeAsT)^ B^^'>^ , (C34) 

rf, = cothp.- +17^ + 'v^Bi^h%) + ^i^^(2),. , (C35) 

V t> smh p 3 snih p / d smh p 

T\j^ = sinh^CTAB + 2TO0sinhpCTAB - —{2A^'^'^ cjab - VaVbA^^^ - 4cothpI?(Aes)cI?^B(^)) 

™^ - (16^(2 Vab - SX'aX'bA^^) ^ 12 coth pX'(AeB)cX'^B(2)), (C36) 



9 sinh p 

= coshpsinhpCTAB + 2ml7 cosh pa^s - "^(SA^^) coth ptTAB - coth pVaVbA^^^ - 4X>(^eB)cX''^B(2)) 

+ — (16cothpA(2)(7^5 - 3cothpX>A2?i3^*^' + UVfAeB^cT^^B^^^), (C37) 

9 smh p ^ ' 



Tic - '^'^ic + il^tB-^oA^'' - ^aBcI?^A(^)) - ^ f |'5f^2'c)A(^) + , (C38) 



sinhV V6"^"""^"' 4""-- J sinh^p V9"^"'"^" '9 
where gab is the metric on unit sphere and ^'^-'T;^,^ is the afSne connection of (tab 



Appendix D: Definition of multipole moments 

Here we introduce the definition of multipole moments following Ref . j?] • Let us consider the stationary spacetimes 
with metric 5^1/ and denote its timelike Killing vector as f . Then we can define two scalar functions 4>m and (j)j 

<^M = iA-i(A2 + ^2_i) pi) 

0j - (D2) 
where A — — f^C/j and w is a twist function which satisfies 

Vt^uj = e^.p^rV'T- (D3) 
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The existence of ui is guaranteed by the vacuum Einstein equation R^i, = 0. The quantities with hat are associated 
with gab- We define the metric /i^^ on the hypersurface normal to ^ as 



Next we consider tlic conformal embedding h^^i, — 17^ /i^^ by the function £7 which satisfies 



(D4) 



(D5) 



where is the covariant derivative with hah and = means the evaluation on = which we introduce as spatial 
infinity. By this conformal transformation, we supposed that two scalar functions 0m and 0j should be transformed 
as (^M = and (j>j = VL^^/'^ipj. 

Then, the 2''-multipole moments are defined recursively as 



O 



P^ - Da(l)A 
1 



n p^ 



s{s - l)7^Qla2^'^ 



A 



(D6) 
(D7) 

(D8) 



where ©[Tah...] means the symmetric traceless part of the tensor Tab- - and the upper index A — (M, J). TZab is the 
Ricci tensor of hab ^ ■ We call Pat -a, ^^"^ ^/i - os the mass and spin multipole moments respectively. 
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